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10.1 Introduction

In broad terms, the current interest in “computational cell biology” reflects
the contemporary fascination with electronic networks of all kinds. There
is a widespread feeling that the speed of computers and the sophistication
of programmers can at last match the bewildering molecular complexity of
living cells. This viewpoint is encouraged and fed by recent genomic studies,
which have built up such an impetus that they are now pushing into areas
outside the genome. Evidently, sequence information by itself cannot explain
the functioning of a living cell or organism. It is also true that we have built
up, over the past century, an enormous body of information about proteins
and other molecules inside cells. Why should we not — the argument goes
— store, collate and analyze these data by comprehensive, computer-intensive
techniques similar to those currently employed to analyze genomes?

Unfortunately, no consensus presently exists as to how best to perform this
analysis, or to what we can expect as a result. One clear-cut function of com-
puters in cell biology is to store large amounts of information in a logical and
accessible form. This role has seen its most public triumph in the generation of
genomic databases, but also underpins the giant strides made in the determi-
nation of protein structure. Many databases containing integrated information
on specific organisms have been developed and some of these allow the user to
access specific molecular details on individual cells, such as WormBase1 and
EcoCyc2. There are also large programs containing information about specific
cell types, such as the software developed by Denis Noble to analyze the be-
havior of heart muscle cells3. Several ambitious projects have been initiated
that aim to simulate entire cells or parts of cells at a molecular level, such as
E-CELL4 and the Virtual Cell5.

Computers were of course used by biologists before the genomic era. The
area of metabolic modeling, for example, with its roots in enzyme kinetics, was
one of the earliest to be adapted to computer simulation. Many software pack-
ages have been written that allow the kinetic performance of enzyme pathways
to be represented and evaluated quantitatively, such as GEPASI6, MIST7 and
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SCAMP8. This is also an area of commercial interest and biotechnology com-
panies engaged in the production of food or drugs by fermentation or allied
processes routinely evaluate their production by flux-analysis programs, often
aided by metabolic control analysis.

Neurobiology is another computationally rich area. Whether because of
their background in the physical science, or because of the computer-like
nature of the brain, neurophysiologists have always been much more open
to the use of computers than cell biologists. Several large computer packages
have been developed and (what is far more significant) widely used as adjuncts
to research neurophysiology. Packages such as GENESIS9 and NEURON10

provide integrated suites of routines for the recording and analysis of electrical
data, the simulated performance of individual axons, and the investigation of
networks of nerve cells and cortical activity.

In contrast to the above areas, topics that come under the rubric of core
cell biology — those not directly concerned with DNA sequences, ions, or low
molecular weight metabolites — are more difficult to handle computationally.
Cell signalling, cell motility, organelle transport, gene transcription, morpho-
genesis and cellular differentiation cannot easily be accommodated into exist-
ing computational frameworks. Attempts to use computers in these areas are
still at a stage of exploratory software development, usually in the hands of
individual research groups. Conventional approaches using the numerical in-
tegration of continuous, deterministic rate equations sometimes provide a con-
venient route, especially when systems are very large or when molecular de-
tails are of little importance. But as the resolution of experimental techniques
increases, so the limitations of conventional models become more evident.
Difficulties include the combinatorial explosion of large numbers of different
species, the importance of spatial location within the cell, and the instability
associated with reactions between small numbers of molecular species.

10.2 Stochastic simulation of cellular processes

In recent years, a number of research groups have attempted to use a radically
different approach to the processes occurring within cells11,12,13. The idea is
to represent individual molecules rather than the concentrations of molecular
species, and to apply Monte Carlo methods to predict their interactions. Mo-
tivation for this new approach comes from the realization that many crucial
events in living cells depend on the interaction of small numbers of molecules
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and hence are sensitive to the underlying stochasticity of the reaction pro-
cesses. Under these conditions, the usual approach taken to biochemical reac-
tions of analyzing their characteristic continuous, deterministic rate equations
breaks down and fails to predict the behavior of the system accurately. Sig-
nalling pathways, for example, commonly operate close to points of instability
and frequently employ feedback and oscillatory reaction networks that are sen-
sitive to the operation of small numbers of molecules14,15. Only 200 K+ and
Na+ channels responsive to changes in intracellular Ca2+ are responsible for a
key step in many neutrophil signalling pathways14. Gene transcription is con-
trolled by small assemblies of proteins operating in an all-or-none fashion, so
that whether a specific protein is expressed or not is, to some extent, a mat-
ter of chance16,17,18,19. The performance of sensory detectors such as retinal
rod outer segments20,21 and even the firing of individual nerve cells22,23 are
intrinsically stochastic.

In the stochastic modeling approach, rate equations are replaced by indi-
vidual reaction probabilities and the output has a physically-realistic stochas-
tic nature. Techniques are available by which large numbers of related species
can be coded in an economical fashion and key concepts, such as signalling
complexes and the thermally-driven flipping of protein conformations, can be
embodied into the program. Stochastic modeling may help us to integrate bio-
chemical and thermodynamic data in a coherent and manageable way.

10.3 Modeling bacterial chemotaxis

We have used both deterministic and individual-based stochastic programs to
investigate the pathway of intracellular signals used by coliform bacteria in
the detection of chemotactic stimuli24,25,261. The models are based on physi-
ological data collected from single tethered bacteria of over 60 mutant geno-
types. Quantitative discrepancies between computer simulations and experi-
mental data throw a spotlight on areas of uncertainty in the signal transduction
pathway, highlighting the importance of spatial organization to the logical op-
eration of the pathway. In particular they emphasize the function of a specific,
well-characterized, cluster of proteins associated with the chemotaxis recep-
tors which acts like a self-contained computational cassette.

The individual-based stochastic simulation program STOCHSIM was writ-

1 A resuḿe of this work together with a list of published references can be found athttp:

//www.zoo.cam.ac.uk/comp-cell.
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ten by Carl Firth as part of his PhD work at the University of Cambridge26. It
was developed as part of a study of bacterial chemotaxis to be a more realis-
tic way of representing the stochastic features of this signalling pathway and
also as a means to handle the large numbers of individual reactions encoun-
tered26,27. The program provides a general-purpose biochemical simulator in
which each molecule or molecular complex in the system is represented as
an individual software object. Reactions between molecules occur stochasti-
cally, according to probabilities derived from known rate constants. An impor-
tant feature of the program is its ability to represent multiple post-translational
modifications and conformational states of protein molecules.

10.4 Description of the STOCHSIM algorithm

In STOCHSIM , each molecule (not each population of molecular species)
is represented as an individual software object, and a number of dummy
molecules, or “pseudo-molecules”, are also included in the reaction system.
Time is quantized into a series of discrete, independent time-slices, the size of
which is determined by the most rapid reaction in the system. In each time-
slice, STOCHSIM first chooses one molecule at random from the population of
“real” molecules, and then makes a another selection from the entire popula-
tion including the pseudo-molecules. If two molecules are selected, they are
tested for all possible bimolecular reactions for the particular reactant combi-
nation. If one molecule and one pseudo-molecule are chosen, the molecule is
tested for all possible unimolecular reactions it can undergo.

Reaction probabilities are pre-computed at initialization time, and stored
in a look-up table so that they need not be calculated during the execution of
each time-slice. These probabilities scale linearly with the size of the time-slice
(Eqs. 10.1 and 10.2 below), so that if the time-slices are sufficiently small,
a single random number can be used to test for all possible reactions that a
particular combination of reactants can undergo. Once the reactant molecules
are chosen, the set of possible reactions are retrieved from the look-up table
with their probabilities. STOCHSIM then iterates through these reactions in turn
and computes a “cumulative probability” for each of the possible outcomes.
The set of cumulative probabilities can then be compared with a single random
number to choose which reaction, if any, occurs. If a reaction does occur, the
system is updated accordingly and the next time-slice begins with another pair
of molecules being selected.
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The probabilities stored in the look-up table are calculated from the follow-
ing five parameters: (i) the deterministic rate constant (k1 andk2 for uni- and
bi-molecular reactions, respectively), (ii) the size of the time increment (1t),
(iii) the number of molecules in the system (n), (iv) the number of pseudo-
molecules in the system (n0), and (v) the volume of the system (V). Using
these parameters, the probabilities for uni- and bi-molecular reactions (p1 and
p2, respectively) are obtained by:

p1 =
k1n(n+ n0)1t

n0
(10.1)

and

p2 =
k2n(n+ n0)1t

2NAV
. (10.2)

The previously published derivation of these expressions13,26 is summarized
in Appendix A for reference.

Whenever a molecular species in the system can exist in more than one
state, then the program encodes it as a “multistate molecule” with a series of
binary flags. Each flag represents a state or property of the molecule, such
as a conformational state, the binding of ligand, or covalent modification
(e.g. phosphorylation, methylation, etc.). The flags specify the instantaneous
state of the molecule and may modify the reactions it can participate in. For
instance, a multistate molecule may participate in a reaction at an increased
rate as a result of phosphorylation, or fail to react because it is in an inactive
conformation. The flags themselves can be modified in each time step as a
result of a reaction, or they can be instantaneously equilibrated according to a
fixed probability. The latter tactic is used with processes such as ligand binding
or conformational change that occur several orders of magnitude faster than
other chemical reactions in the system.

Let us say that in a particular time step, STOCHSIM has selected one or
more multistate molecules. It then proceeds in the following manner. First any
rapidly-equilibrated “fast flags” on the molecule are assigned to be on or off
according to a weighted probability. A protein conformation flag, for exam-
ple, can be set to be active or inactive, according to which other flags of the
molecules are currently on. A ligand binding flag can, if desired, be set in a
similar fashion, based on the concentration of ligand and theKd. Once the
fast flags have been set, then the program inspects the reactions available to
the two speciesA and B. The chemical change associated with each type of

MIT Press Math6X9/2002/03/22:22:56 Page 5



6 Chapter 10

reaction (binding, phosphotransfer, methylation, etc.) is represented in the pro-
gram together with “base values” of the reaction rate constants. The particular
instantiation of the reaction, specified by the current state of the flags onA and
B, is accessed from an array of values calculated at the beginning of the pro-
gram, when the reaction system is being initialized. Values in the array modify
the reaction probability according to the particular set of binary flags. In this
manner, STOCHSIM calculates a set of probabilities, corresponding to the re-
actions available to the particular states of moleculesA and B, and then uses
a random number to select which reaction (if any) will be executed in the next
step. The reaction will be performed, if appropriate, and the relevant slow flag
flipped.

Although it sounds complicated, the above sequence of events within an in-
dividual iteration takes place very quickly and even a relatively slow computer
can carry out hundreds of thousands of iterations every second. Moreover, the
strategy has the advantage of being intuitively simple and close to physical
reality. For example, it is easy, if required, to label selected molecules and to
follow their changes with time. Lastly, the speed of the program depends not
on the number of reactions but on the numbers of moleculesn in the reaction
system (with a time of execution proportional ton2). The STOCHSIM distribu-
tion2 consists of a platform-independent core simulation engine encapsulating
the algorithm just described, together with separate graphical and user inter-
faces.

10.5 Comparison with the Gillespie algorithm

Daniel Gillespie showed, in the 1970s, that it is possible to simulate chemical
reactions by an efficient stochastic algorithm28. He showed that this algorithm
gives the same results, on average, as conventional kinetic treatments29, and
later provided a rigorous mathematical derivation for the procedure30. The
Gillespie algorithm has since been used on numerous occasions to analyze
biochemical kinetics, for example to simulate the stochastic events in lambda
lysogeny11,31. In view of its evident success, the question therefore arises:
Why in our work did we not use the Gillespie algorithm but chose to develop
our own formulation? As shown in Appendix B, the Gillespie and STOCHSIM

algorithms are based on equivalent fundamental physical assumptions. How-

2 The latest version of STOCHSIM can be obtained via FTP fromftp://ftp.cds.caltech.

edu/pub/dbray/ .
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ever, significant practical differences arise in applying the two algorithms to
biochemical systems, as described below.

The Gillespie algorithm makes time steps of variable length, based on the
reaction rate constants and population size of each chemical species. In each
iteration, one random number is used to determine when the next reaction will
occur, and another random number determines which reaction it will be. Both
the time of the next reactionτ , and the type of the next reactionµ are deter-
mined by the rate constants of all reactions and the current numbers of their
substrate molecules. Upon the execution of the selected reaction in each iter-
ation, the chemical populations are altered according to the stoichiometry of
the reaction, and the process is repeated. By avoiding the common simulation
strategy of discretizing time into finite intervals, the Gillespie algorithm ben-
efits from both efficiency and precision — no time is wasted on simulation
iterations in which no reactions occur, and the treatment of time as a contin-
uum allows the generation of an “exact” series ofτ values based on rigorously
derived probability density functions.

However, the efficiency of the Gillespie algorithm comes at a cost, and its
precision is guaranteed only for chemical systems with certain properties. The
efficient algorithm that selects which reaction to execute next and what time
interval to take, does not represent each molecule in the system separately.
With regard to the reactions of a typical cell signalling pathway, for example,
it cannot associate physical quantities with each molecule, nor trace the fate
of particular molecules over a period of time. Similarly, without the ability
to associate positional and velocity information with each particle, the algo-
rithm cannot be easily adapted to simulate diffusion, localization or spatial
heterogeneity. Indeed, the “exactness” of the Gillespie algorithm holds only
for spatially homogeneous, thermodynamically equilibrated systems in which
non-reactive molecular encounters occur much more frequently than reactive
ones28,30.

A second limitation of the Gillespie algorithm (from a cell biological
standpoint) is that it cannot easily handle the reactions of multistate molecules.
Protein molecules are very frequently modified in the cell so as to alter their
catalytic activity, binding affinity and so on. Cell signalling pathways, for ex-
ample, carry information in the form of chemical changes such as phospho-
rylation or methylation, or as conformational states. A multi-protein complex
may contain upwards of twenty sites, each of which can often be modified in-
dependently and each of which can, in principle, influence how the complex
will participate in chemical reactions. With twenty sites, a complex can exist
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in a total of 220, or one million, unique states, each of which could react in
a slightly different way. If our multi-protein complex interacts with only ten
other chemical species, a detailed model may contain as many as ten million
distinct chemical reactions, a combinatorial explosion. Any program in which
the time taken increases in proportion to the number of reactions, as in a con-
ventional, deterministic model, or in the Gillespie method, will come to a halt
under these conditions.

We see therefore that STOCHSIM and the Gillespie algorithm take differ-
ent approaches and are suited to different situations. STOCHSIM is likely to
be slower than the Gillespie algorithm in calculating the eventual outcome of
a small set of simple biochemical reactions, especially when the numbers of
molecules is large. However, if the system contains molecules that can exist
in a large number of states, then STOCHSIM will not only be faster but also
closer to physical reality. It is easy, if required, to label selected molecules in
this program and to follow their changes with time, including changes to their
detailed post-translational modification and conformational states. Lastly, spa-
tial structures can be incorporated into the STOCHSIM framework with relative
ease, as one can directly define the spatial location of individual molecules —
something that would be difficult to do with the Gillespie algorithm.

10.6 Spatial extensions to STOCHSIM

The original version of STOCHSIM (1.0) treated the entire reaction system as
a uniformly mixed solution. Although this is clearly not how molecules are
arranged within living cells, the omission of spatial heterogeneity has been a
norm in biochemical simulations because it greatly facilitates modeling and
reduces the computational load of simulation. However, as the resolution of
our understanding of biochemical processes increases, it is becoming clear that
even in bacteria, the spatial organization of molecules often play an important
role32,33.

In the chemotaxis pathway, the membrane receptors are not only associ-
ated with the signalling molecules CheW and CheA in the cytoplasm, but also
clustered together, usually at one pole of the cell34. The density of packing
of molecules in the cluster implies a regular arrangement, and recent model
building led to the proposal of a hexagonal lattice built from CheA and CheW
into which receptor dimers are inserted in sets of three35. An arrangement
of this kind would create a “microenvironment” within the cytoplasm which
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could sequester certain molecules and exclude others simply through bind-
ing affinities (and without an internal membrane). A regular lattice would al-
low neighboring receptors to influence each other’s activity by what has been
termed “conformational spread”36,37. We must also consider the time taken
for diffusible components of the signal pathway, notably CheY and its phos-
phorylated derivative, which have to shuttle repeatedly between the receptor
complex on the plasma membrane and the flagellar motors. Although this time
is short, consistent with distances of less than a micrometer and a diffusion
coefficient of around 5×10−8 cm2s−1, it is in principle measurable by recent
techniques38,39. A fully realistic model would have to deal with not only time
delays but also the possibilities that diffusing species might have a non-uniform
distribution and move within privileged channels in the interior of the cell.

Considerations such as these encouraged us to extend STOCHSIM to in-
corporate spatial representation, and the positions of the important molecular
species within the cell. As a first step, we have so far introduced modifications
that allow us to represent the two dimensional arrangement of receptors in the
plane of the plasma membrane. These changes, embodied in version 1.2 of
STOCHSIM , assign two-dimensional coordinates to the array of receptors and
permit such phenomena as the spread of activity from one receptor to its neigh-
bor (Figure 10.1), and the diffusive movement of individual molecules bound
to the surface array, to be represented.

Model of bacterial chemotaxis with “conformational spread”

In the Escherichia colichemotaxis pathway, one of the major discrepancies
between simulation and experiment thus far has been in the sensitivity of
the system to very small changes in attractant concentration36. For example,
computer-based estimates of the minimal detectable concentration of aspar-
tate is on the order of 100 nM36 whereas responses to concentration jumps
as small as 5 nM have been detected experimentally40. In order to test the
possibility that the aforementioned “conformational spread” mechanism could
account for this exquisite sensitivity observed in real bacteria, we have incor-
porated a two-dimensional representation of the receptor clusters into our pre-
vious STOCHSIM model27 of the E. coli chemotaxis pathway. In that model,
chemotactic receptors were modeled as multistate complexes with 11 binary
flags to represent their various states. One of these flags represents the con-
formational state of the receptor, and was controlled by a rapid equilibrium.
The probability of this flag being on or off, and hence the receptor being active
or inactive, depended on the binding of ligand and the receptor’s methylation
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Figure 10.1
Graphical representations of the spatial patterns of receptor activity in a STOCHSIM simulation of
theE. coli chemotaxis pathway with clustered receptors. The two arrays shown above are both
square lattices of 50× 50 closely packed receptors, represented by one pixel each. These views
are averaged over 0.1 seconds of simulated time, and the activities are represented by sixteen grey
levels, with white corresponding to active and black to inactive receptors. In this simulation,
ligand binding and methylation reactions were disabled in order to reveal the patterns due to
activity spread alone. One receptor was permanently assigned to the ligand-bound (ligated and
zero-methylated) state and another to the adapted (unligated and four-methylated) state. All other
receptors were in the two-methylated state. In (a), no coupling reactions are defined and no
spread of conformation is observed, but in (b), nearest-neighbor interactions allow the activity of
certain receptors to “spread” over a wide range.

state. In our new spatially extended model, an additional “coupling” factor that
depends on the number of neighbors in the active state, has been defined. The
more active neighbors a receptor has, the higher the probability of being ac-
tive. The spread of conformations that results from this can be visualized in
time-averaged views of the receptor cluster (Figures 10.1 and 10.2).

Preliminary results of our simulations indicate that the conformational
spread mechanism can indeed serve to enhance the chemotactic response at the
cost of higher steady-state noise. In simulations where receptor clusters were
first adapted to various background concentrations of attractant and tested for
their response to a subsequent doubling in stimulus, significant amplification
of the signal is observed (Figure 10.3). The level of amplification is not as high
as that reported previously36,37, but the performance of the receptor cluster is
less dependent on the precise value of the coupling strength. These differences
arise because the previous models did not consider the multiple methylation
states of the receptors, which can be covalently modified with up to four methyl
groups. We are now investigating the effect of spatial patterns of methylation,
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(a) (b)

Figure 10.2
Patterns of receptor activity in an unconstrained simulation, in which ligand binding and
methylation reactions were enabled in a coupled receptor array. These patterns are averaged over
0.01 seconds of simulated time, equivalent to roughly 16.7 million simulation iterations, in which
each receptor flipped about 783 times on average. Discrete white patches correspond to the
vicinities of adapted (highly methylated), and therefore highly active, receptors and black patches
to centers of inactivity near bound ligand. In this simulation, the background attractant
concentration was set to 10−8 M (∼ 1

100Kd), and then doubled. The two patterns represent the
average activity of intervals at 10 ms (a) prior to, and (b) after the doubling of stimulus. Rapid
suppression of activity is observed, despite the very low concentration of stimulus.

an example of which is shown in Figure 10.4.

10.7 Future directions

The obvious next steps for development of STOCHSIM are the implementation
of other geometries (e.g. triangular and hexagonal) for the two-dimensional
arrays, further extending the spatial representation to a third dimension, and
the development of a more generally accessible interface. Recent models of
the neuromuscular junction include a realistic representation of the folds of the
muscle membrane surface, the position and state of individual synaptic vesi-
cles, and even the location of individual calcium ions41. Three-dimensional
representation of a cell may require some form of compartmentalization of its
contents, whether into regularly spaced volume elements (voxels) or more bi-
ologically relevant compartments, such as nucleus, and membrane cortex. The
interface development is now focused around a cross-platform GUI42, and a
simple command-line interface is also provided for ease of scripting.

On the more general question of the future of modeling in cell biology, it

MIT Press Math6X9/2002/03/22:22:56 Page 11



12 Chapter 10

(a) (b)

�������
��
��
�	��

�
�


������������

��� �����! ����#"%$'&)(
µ * +-,/.�0�132�1�46587 µ 9

:<;>=@?@A BDC

E<FHG ;I=@?@A BDC

:<;>=@?@A BDC

EJFHG ;>=K?@A BDC

LIM

NOL>M

P L>M

Q L>M

L>M

NOL>M

P L>M

Q L>M

R P L P S LR P L P S L

Figure 10.3
The enhancement of response achieved by coupling interactions in the receptor cluster model.
Changes in total receptor activity during a doubling of stimulus at two background
concentrations, (a) 0.1µM and (b) 1µM are shown. The concentration of ligand was doubled at
time 0 in both (a) and (b). Significant enhancement is observed at both concentrations; the
coupled array shows clear amplification of the ligand signal in (a), and in (b) only the coupled
array shows a significant response to the doubling of attractant, demonstrating that the coupling
could also act to increase the range of concentrations to which the system can respond.

seems unavoidable that stochastic representations will be increasingly useful.
As the resolution of experimental techniques improves, they will generate large
quantities of data relating to the behavior of individual cells and molecules.
There will be an increasing emphasis on situations in which cell behavior de-
pends on small numbers of molecules and analysis of such situations will nat-
urally invoke individual-based simulations with a stochastic basis. Presently
available simulation programs such as STOCHSIM will doubtless become inte-
grated into larger software packages that allow non-specialist users to quickly
identify their requirements and obtain results. The remorseless increase in the
power and speed of computers available to the modeling community will ac-
company, and empower, these developments.
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Figure 10.4
Spatial patterns of methylation. As in the activity snapshots (Figures 10.1 and 10.2), each pixel
represents a single receptor in (a) an array without coupling and (b) an array with coupling. Four-
and zero-methylated receptors (the extreme receptors) are are highlighted in black and white,
respectively, while receptors in all other methylation states are shown in gray. A notable feature
of the changes in methylation state distribution between the uncoupled and coupled arrays is that
the extreme receptors are more abundant and tend to be closer together in the latter. This
tendency is due to the relationship between receptor activity and methylation reactions, and is
also reflected in (c) the average number of methyl groups per neighbor for each methylation state.
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Appendix A: Derivation of reaction probabilities in STOCHSIM

First consider the following unimolecular reaction with substrateA:

d[ A]

dt
= −k1[ A] (A.1)

If the size of the STOCHSIM time-slice1t is sufficiently small, the change in
the number of reactant molecules,1nA, within this interval will be between 0
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and 1, and is given by

1nA = −k1nA1t (A.2)

wherek1 is the deterministic rate constant.
In the STOCHSIM algorithm, the expected value of1nA within a single

time-slice is

−1nA = Pr(molecule of A is selected in the first selection)

× Pr(pseudo-molecule is selected in the second selection)

×p1 (A.3)

−1nA =
nA

n
×

n0

n+ n0
× p1 (A.4)

Equating Eqs. (A.2) and (A.4) gives

p1 =
k1n(n+ n0)1t

n0
. (A.5)

The probability for the bimolecular reaction can be derived similarly.
Consider the following reaction with substratesB andC:

d[B]

dt
= −k2[B][C] (A.6)

In a very small1t ,

1nB = −
k2nBnC1t

2NAV
(A.7)

whereV is the volume of the reaction system, andNA is Avogadro’s constant.
In STOCHSIM , the expected value of1nB within a single time-slice is

−1nB = {Pr(molecule of B is selected in the first selection)

× Pr(molecule of C is selected in the second selection)

×p2}

+{Pr(molecule of C is selected in the first selection)

× Pr(molecule of B is selected in the second selection)

×p2} (A.8)

−1nB = 2×
nB

n
×

nC

n+ n0
× p2 (A.9)
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Equating Eqs. (A.7) and (A.9) gives

p1 =
k2n(n+ n0)1t

2NAV
. (A.10)

Appendix B: Equivalence of physical assumptions in the Gillespie and
STOCHSIM algorithms

Gillespie rigorously derived his algorithm from what he called thefundamen-
tal hypothesisof stochastic chemical kinetics. To show that the STOCHSIM

algorithm can also be derived from this same hypothesis, we can translate the
expressions for the STOCHSIM probabilities (Eqs. 10.1 and 10.2) into the Gille-
spie formalism and show that in the limit1t → 0, it reduces to probability
expressions derived directly from thefundamental hypothesis.

Gillespie’s fundamental hypothesisstates that the probabilityπ of an
elementary reactionR, occurring within the infinitesimal time intervalδt , can
be expressed as

π = hcδt (B.1)

whereh is the number of distinct molecular reactant combinations for the
R reaction, andc is its stochastic rate constant. As with the deterministic
rate constantk, the stochastic rate constantc can be interpreted to account
for the mean rate at which reactant molecules collide, and the “activation
energy” required for the reaction to occur. The relationship between the two
constants are such that if the effects of fluctuations and correlations in reactant
concentrations can be considered negligible, the following holds true for uni-
and bi-molecular reactions28:

k1
.
= c1 (B.2)

for the unimolecular rate constantk1 and the unimolecular stochastic rate
constantc1 (both with dimensionality s−1), and

k2
.
= NAV c2 (B.3)

for the bimolecular rate constantk2 (with dimensionality M−1s−1) and the
bimolecular stochastic rate constantc2 (with dimensionality s−1). Here,V is
the volume of the reaction system andNA is Avogadro’s constant.

For a specific unimolecular reactionR1 with speciesA as reactant,h in Eq.
(B.1) is simply the number of molecules of the reactant species (h = nA). For
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a specific bimolecular reactionR2 with speciesB andC as reactants,h is the
product of the number of each species (h = nBnC). Therefore, the probability
of an R1 reaction occurring withinδt is

π1 = nAc1δt, (B.4)

and the probability of anR2 reaction occurring withinδt is

π2 = nBnCc2δt . (B.5)

We now proceed to inspect how Gillespie’s reaction probabilities (π1 and
π2) are related to the reaction probabilities in STOCHSIM . In doing so, it is
important to note that the uni- and bi-molecular reaction probabilities stored in
STOCHSIM ’s look-up tables (p1 and p2 in Eqs. 10.1 and 10.2) are conditional
probabilities, i.e. they are the probability of a certain reaction occurring given
that its reactant molecules have been chosen by STOCHSIM in the current time-
slice. However, Gillespie’s reaction probabilityπ is the probability of a given
reaction occurring withinanygiven time interval, so we must first obtain the
equivalent quantities for STOCHSIM reactions.

For a unimolecular reaction with a look-up table probability ofp1 in
STOCHSIM , the probability$1 of this reaction occurring in any given time-
slice can be written as

$1 = puni ·
nA

n
· p1 (B.6)

where puni = n0/(n + n0) is the probability that a unimolecular reaction is
tested for in each time-slice. Similarly for a bimolecular reaction whose look-
up table probability isp2,

$2 = pbi · 2 ·
nB

n
·

nC

n
· p2 (B.7)

where pbi = 1 − puni = n/(n + n0) is the probability that a bimolecular
reaction is tested for in each time-slice. Usingpuni and pbi , Eqs. (10.1) and
(10.2) can be rewritten as

p1 =
nk11t

puni
(B.8)

and

p2 =
n2k21t

2NAV · pbi
. (B.9)

Substituting (B.8) into (B.6)and (B.9) into (B.7) yields the following expres-
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sions for$1 and$2:

$1 = nAk11t (B.10)

$2 = nBnC
k2

NAV
1t (B.11)

If the assumptions made in obtaining Eqs. (B.2–B.3) are valid, we may
further substitute (B.2) into (B.10) and (B.3) into (B.11), and take the limit
1t → 0 to obtain

$1 = nAc1δt = π1 (B.12)

and

$2 = nBnCc2δt = π2. (B.13)

We see, therefore, that the reaction probabilities for uni- and bi-molecular
reactions calculated by the Gillespie and STOCHSIM algorithms are equivalent.
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