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Abstract—Intracellular protein concentration gradients are
generally thought to be unsustainable at steady-state due to
diffusion. Here we show how protein concentration gradients
can theoretically be sustained indefinitely through a relatively
simple mechanism that couples diffusion to a spatially
segregated kinase–phosphatase system. Although it is appre-
ciated that such systems can theoretically give rise to
phosphostate gradients, it has been assumed that they do
not give rise to gradients in the total protein concentration.
Here we show that this assumption does not hold if the two
forms of protein have different diffusion coefficients. If, for
example, the phosphorylated state binds selectively to a
second larger protein or protein complex, then a steady-state
gradient in total protein concentration will be created. We
illustrate the principle with an analytical solution to the
diffusion-reaction problem and by stochastic individual-
based simulations using the Smoldyn program. We argue
that protein gradients created in this way need to be
considered in experiments using fluorescent probes and could
in principle encode spatial information in the cytoplasm.

Keywords—Intracellular organization, Diffusion, Phophory-
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ABBREVIATIONS

A CheA
Y CheY
Yp, CheYp Phosphorylated CheY
Z2 CheZ dimer

INTRODUCTION

During embryonic development, spatial gradients of
extracellular protein ligands serve to locally instruct

cell behavior. In principle, it seems that intracellular
protein gradients could play a similar role in instruct-
ing the morphogenesis of the cell cytoplasm and
associated organelles. However, it is often assumed
that intracellular protein concentration gradients could
only be generated transiently, and could not be main-
tained indefinitely in the cytoplasm. For example,
given a typical protein diffusion coefficient in the
cytoplasm of ~10 lm2/s, and a cell length of ~10 lm, a
protein would diffuse to all parts of the cell within a
few seconds. Certainly, the apparent diffusion coeffi-
cients could be much lower due to reversible weak
binding to relatively immobile binding sites, so that the
diffusion coefficient could appear to be much lower
than that of free diffusion in the cytoplasm. However,
even with an apparent diffusion coefficient of 0.1 lm2/s,
the time scale of diffusion across a 10-lm cell would
still be in the order of a few minutes. Of course protein
synthesis in one intracellular location and degradation
in another will lead to gradients. However, since the
lifetime of a protein (hours to days) is typically much
longer than the time to diffuse across a somatic cell
(typically seconds to minutes), these gradients are
expected to be extremely weak or transient.14 So it has
seemed reasonable to assume that protein concentra-
tion gradients are in most cases unsustainable in the
cytoplasm.

However, recent studies have shown that the phos-
phorylated form of a protein can exhibit a spatial
gradient that is temporally stable. For example, the
microtubule-associated protein Op18/stathmin, which
is overexpressed in certain types of cancers,4 is
observed via fluorescence microscopy to exhibit a
gradient in phosphostate in both interphase and
mitotic cells.19 In mitotic cells, Op18/stathmin is most
highly phosphorylated in the vicinity of the chromatin
near the spindle equator, while in interphase cells it is
most highly phosphorylated in the leading edge. The
origin of the gradient is not clear, but it is suspected to
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arise from a spatially segregated antagonistic kinase–
phosphatase system, as suggested by the earlier theo-
retical analyses of Swillens et al.25 and Brown and
Kholodenko.3

In their mathematical model, Brown and Kholo-
denko assumed that a plasma membrane-bound kinase
generates the phosphorylated form of the substrate,
which then diffuses into the cytoplasm where it is
subsequently dephosphorylated by the antagonistic
phosphatase. The dephosphorylated form of the sub-
strate then diffuses until it reaches the plasma mem-
brane, where the kinase can act yet again, and the cycle
repeats. Because of the spatial segregation of the
kinase and phosphatase, there will exist at steady-state
a spatial gradient in phosphostate, with the phos-
phorylated form being concentrated near the kinase,
and the dephosphorylated form being concentrated
away from the kinase. Brown and Kholodenko used
experimentally measured values for diffusion coeffi-
cients and phosphatase rates to show that there should
theoretically exist spatial concentration gradients of
phosphostate concentration that diminish over
micrometer distances.

In addition to spatially segregated antagonistic
kinase–phosphatase systems, it has been hypothesized
that spatially segregated antagonistic guanosine
nucleotide exchange factor (GEF)—GTPase activating
protein (GAP) systems can act to generate the GTP
and GDP forms of their G protein substrate, respec-
tively. These systems would then have gradients in the
GTP and GDP forms of the G protein that are tem-
porally stable, with the GTP form prevailing in the
vicinity of the GEF, and the GDP form prevailing in
the vicinity of the GAP. Using novel fluorescence-
based methods, a number of studies have recently
demonstrated the existence of such GEF-GAP-gener-
ated gradients in cell extracts and in living cells.5,11,12,18

These phosphostate gradients are believed to play an
important role in the spatial regulation of the cyto-
skeletal dynamics during cell division, adhesion, and
migration.

In previous theoretical analyses of phosphostate
gradients, it has usually been assumed that the con-
centrations of the two forms of the substrate sum to a
constant total protein concentration throughout the
cell.3,8,9,17,23,28 Here we show that this is only the case
when the diffusion coefficients of the two forms are
equal to each other. More generally, if the diffusion
coefficients are different, mathematical modeling
demonstrates that gradients in total protein concen-
tration emerge naturally. We discuss the possible ori-
gins and consequences of this situation. Our results
show that total protein gradients should naturally arise
and be sustained indefinitely in the cytoplasm,
provided that the protein is acted upon by a spatially-

segregated antagonistic enzyme system, and provided
that the two phosphostates of the protein have differ-
ent diffusion coefficients, for example if one binds
selectively to another macromolecule in the cytoplasm.

RESULTS

To understand how protein concentration gradients
might stably exist in the cytoplasm, we first consider
the case where the diffusion coefficient of the phos-
phorylated form (A) is equal to the diffusion coefficient
of the dephosphorylated form (B). Under these con-
ditions, as previously shown by Brown and
Kholodenko,3 a gradient in phosphostate will exist at
steady-state (Fig. 1a). Here we assume that the kinase
is confined to the left boundary (i.e., at x = 0), that
the phosphatase is uniformly distributed throughout
the cytoplasm (i.e., over the domain 0< x<L), and
that there is symmetry (i.e., no flux) at the right
boundary (i.e., at x = L). For simplicity and illustra-
tion, we have chosen a one-dimensional Cartesian
coordinate system, but the same principles apply in any
arbitrary coordinate system such as spherical or
cylindrical. Also, we use the terms ‘‘kinase’’ and
‘‘phosphatase,’’ but could just as easily use the terms
‘‘GEF’’ and ‘‘GAP’’ for G-protein activation. Our
results could also apply to any of the other multiple
kinds of protein posttranslational modification known
to occur, such as methylation, glycosylation, and
sumoylation.

What is also evident in Fig. 1a is that when the
diffusion coefficients of A and B are equal, then the
overall concentration of the protein—the sum of both
its forms A and B—is constant. However, the situation
changes when the diffusion coefficients of A and B are
not equal, as may be the case when phosphorylation
promotes (or inhibits) association with a large cyto-
plasmic complex. For example, if we lower the diffu-
sion coefficient of A by a factor of ~3, from 10 to
3 lm2/s, then we see that, in addition to the phos-
phostate gradient that is still present, a gradient in the
total concentration of the protein now exists (black line
in Fig. 1b). The steepness of the total protein concen-
tration gradient increases with the disparity of the
diffusion coefficients (Figs. 1c and 1d). This analysis
establishes a simple mechanism by which a cytoplasmic
protein could maintain a total protein concentration
gradient indefinitely by coupling to a kinase–
phosphatase reaction scheme.

Of course, the other parameters in the model could
also affect the total protein concentration gradient. For
example, the rate of the kinase reaction at the left
boundary could be increased to further increase the
total protein concentration gradient, as shown in
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Figs. 2a–c. As the rate of the kinase reaction increases,
it will asymptotically reach the diffusion-limited rate,
at which point further increases will no longer have an
effect. Note that the rate of decay of the gradient is
independent of the kinase reaction rate. For a given
kinase rate constant, increasing the phosphatase reac-
tion rate constant will further steepen the total protein
concentration, as shown in Figs. 2d–f. An interesting
aspect here is that increasing the phosphatase rate
slightly increases the absolute concentration at the left
boundary. The reason for this is that increasing the
phosphatase rate makes the gradient of the dephos-
pho-form steeper, and thus the production rate of the
phospho-form at the boundary is higher.

The phosphatase rate has a direct effect on the decay
of the gradient, as the gradient length is directly depen-
dent on the phosphatase rate constant according to

Lgradient ¼
ffiffiffiffiffiffiffi

DA

kp

s

ð1Þ

as shown previously.17 If kp is sufficiently large, then
the gradient will decay rapidly. This means that a gra-
dient in total protein concentration can appear within

even a cell as small as a bacterium as shown in Fig. 3a,
provided the phosphatase reaction rate constant is
sufficiently large. In this case, kp is set to 100 s-1, which
is within the observed range for phosphatases, albeit at
the high end, as summarized previously by Brown and
Kholodenko.3 By reducing the phosphatase rate con-
stant appropriately, the gradient can be scaled to any
particular cell type, including animal cells (Fig. 3b) and
oocytes or embryos (Fig. 3c). The key dimensionless
parameter is the Thiele modulus,17 which is given by

U ¼ L

Lgradient
¼

ffiffiffiffiffiffiffiffiffiffi

kpL2

DA

s

: ð2Þ

If F>1, then gradients will be substantial; for F<1
gradients will be small. These results show that the
total protein concentration gradient could potentially
play a role in all cell types, ranging from bacteria to
oocytes and embryos.

Finally, we wished to explore the possibility of total
protein gradients occurring in a specific cell. To do so,
we considered the chemotaxis signaling pathway in
Escherichia coli, where the signaling protein CheY is
phosphorylated at the anterior end of the cell by the
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FIGURE 1. Total protein gradient. (a) When the diffusion coefficients of the phosphorylated form and the dephosphorylated form
are equal (DA = DB), then a kinase at the left boundary and a phosphatase uniformly distributed in the cytoplasm will establish a
phosphostate gradient (dashed light gray = phosphorylated, dotted dark gray = dephosphorylated), as previously noted, but no
gradient in the total protein concentration (black). (b) When the diffusion coefficients of the two forms differ (DA „ DB), then there
will be a gradient in not only the phosphostate, but also the total protein concentration. (c) and (d) Further disparity in the diffusion
coefficients further increases the total protein concentration gradient. Kinase rate constant kk = 10 lm/s, phosphatase rate
constant kp = 1 s-1, overall protein concentration 1 lM in all panels.
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histidine kinase CheA, and then diffuses to distal
regions to control flagellar rotation. To retain
responsiveness, dephosphorylation of phosphorylated
CheY (CheYp) is aided by the protein CheZ.22 CheZ is
a stable dimer, which binds up to two CheYp mono-
mers with high specificity.2,29 To analyze protein gra-
dients, we simulated the relevant portions of the
chemotaxis pathway, i.e., the phosphorylation of

CheY by CheA and the stepwise binding and sub-
sequent dephosphorylation of CheYp by CheZ, using
the Smoldyn model of chemotaxis, which models each
individual molecule and its reactions stochastically
with high spatial resolution15,16 (Figs. 4a, b). Published
rate constants were used when available (Table 1). For
simplicity and clarity, we chose to distribute both
CheY/CheYp and CheZ2 in the cytoplasm and made
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FIGURE 2. Effect of kinase and phosphatase rate constants on the total protein concentration gradient. (a–c) The total protein
concentration gradient increases with increasing kinase rate constant, kk. (d–f) The total protein concentration gradient also
increases, and decays over a shorter distance with increasing phosphatase rate constant, kp. Diffusion coefficients DA = 1 lm2 s-1,
DB = 10 lm2 s-1, overall protein concentration 1 lM in all panels.
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FIGURE 3. Total protein gradients could act across a range of cell sizes. (a) At a very high phosphatase rate (kp = 100 s-1), the
gradient is predicted to be appreciable in cells as small as a bacterium. (b) Animal cells and (c) oocytes/embryos can experience
total protein gradients, simply by reducing the phosphatase rate constant, kp, according to the cell dimension. Diffusion coeffi-
cients DA = 1 lm2 s-1, DB = 10 lm2 s-1, kinase rate constant kk = 100 lm/s, overall protein concentration 1 lM in all panels.
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them freely diffusible. As expected and shown before,16

the unequal distribution of CheA kinase at the cell pole
and CheZ phosphatase in the cytoplasm leads to a
gradient of CheYp with all diffusion coefficients
(Figs. 4c–f, dashed red lines). If the complexes of

CheYp and CheZ are assigned a lower diffusion coef-
ficient than the unbound molecules (Figs. 4d–f), there
is also a gradient of the total of all CheY species and
CheY-containing complexes (thick black line), consis-
tent with the arguments given above. Interestingly,

0

5

10

15

20

C
on

ce
nt

ra
tio

n 
(µ

M
)

0 0.5 1 1.5 2 2.5
0

5

10

15

20

Distance from Kinase (µm)

C
on

ce
nt

ra
tio

n 
(µ

M
)

0 0.5 1 1.5 2 2.5

Distance from Kinase (µm)

(c) (d)

(e) (f)

DY = DYp = DZ2
 = 2 µm2s-1

DZ2Yp = DZ2Yp2
 = 2 µm2s-1

DY = DYp = DZ2
 = 2 µm2s-1

DZ2Yp = DZ2Yp2
 = 0.2 µm2s-1

DY = DYp = DZ2
 = 2 µm2s-1

DZ2Yp = DZ2Yp2
 = 0.02 µm2s-1

DY = DYp = DZ2
 = 2 µm2s-1

DZ2Yp = DZ2Yp2
 = 0.002 µm2s-1

total CheY/Yp
total CheYp
total CheY
total CheZ2

CheYp
CheZ2

CheZ2Yp

CheZ2Yp2

(a)
Y

Yp

A Z2Yp Z2Yp2Z2

(b)

FIGURE 4. Total protein gradients in the bacterial chemotaxis signaling pathway. (a) Schematic of the relevant reactions mod-
eled. CheY (Y) is phosphorylated by the kinase CheA (A). Up to two CheY-phosphates (Yp) can bind sequentially and reversibly to
the dimeric phosphatase CheZ (Z2). Upon hydrolysis, unphosphorylated CheY is released. The phosphorylation reaction at CheA
consists of several reactions. For details and all rate constants, see Table 1. (b) Snapshot of a Smoldyn simulation at steady state;
diffusion coefficients as in (d). On the left is a fixed array of CheA kinases, all other molecules are diffusing freely. Colors as in (a).
Monomers and dimers are shown as small spheres, all larger complexes as large spheres. (c–f) Results of stochastic simulations
with Smoldyn. Means of 1000 timepoints.

TABLE 1. Bacterial chemotaxis reactions.

Reaction Rate (forward) Rate (reverse) Description

A2 $ A2* Immediate equilibration (13.2% active) CheA activation

A2p $A2*p Immediate equilibration (13.2% active) CheAp activation

A2* fi A2*p 34 s-1 – CheA autophosphorylation7,21

Y + A2p fi Yp + A2 1 · 108 M-1 s-1 – Phosphotransfer24

Y + A2*p fi Yp + A2* 1 · 108 M-1 s-1 – Phosphotransfer24

Yp + Z2 , Z2Yp 2 · 107 M-1 s-1 0.5 s-1 Complex formation

Yp + Z2Yp , Z2Yp2 1 · 107 M-1 s-1 0.5 s-1 Complex formation

Z2Yp fi Y + Z2 5 s-1 – CheYp hydrolysis

Z2Yp2 fi Y + Z2Yp 5 s-1 – CheYp hydrolysis

Reactions labeled with ‘immediate equilibration’ are the system’s input: Every 10 ms throughout the simulation, the ratio of the two indicated

molecular species was adjusted stochastically. The following abbreviations are used: Y, CheY; Yp, CheYp, phosphorylated CheY; A2, CheA

dimer, inactive; A2*, CheA dimer, active; A2p, phospho-CheA dimer, inactive; A2*p, phospho-CheA dimer, active; Z2, CheZ dimer; Z2Yp,

complex of CheZ and CheYp; Z2Yp2, complex of CheZ and two CheYp.
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even the total of CheZ-molecules and complexes forms
an anterior-posterior gradient (thick blue line, short
dashes). This is because the complex-forming CheYp
molecules are predominantly near the pole. These
results for the specific case of bacterial chemotaxis
show that a total protein concentration gradient is
expected to form even where the cell size is small
compared to animal cells.

DISCUSSION

Our theoretical analysis shows that protein con-
centration gradients could exist indefinitely in the
cytoplasm. The gradients in the model are driven by
spatially segregated, antagonistic kinase–phophatase
(or GEF-GAP) reactions, and furthermore require that
the two phosphostates of the protein have differing
diffusion coefficients. In this way, energy consumption
in the form of ATP (or GTP) hydrolysis could be used
to drive a standing concentration gradient of a protein
diffusing in the cytoplasm.

What could be the origin of differing diffusion
coefficients?

Since for constant density, the mass of the diffusing
species m~V~R3, then D~m-1/3. Since the presence of a
phosphoryl group on a protein has a negligible effect
on the mass of the protein, the presence of the phos-
phoryl group more likely alters the affinity of binding
to other proteins and protein complexes, which may be
large enough to slow diffusion. For example, if the
resulting complex has 100 similarly sized proteins, then
the diffusion coefficient will decrease about 5-fold. For
complexes that are approaching ~100 nm in size, the
diffusion in the cytoplasm is expected to decrease even
more dramatically due to the pore structure created by
the cytoskeleton.10 Alternatively, proteins may bind to
vesicles or lipid droplets (~lm diameter), which may
serve as major storage reservoirs of cytoplasmic pro-
teins.6 In this case the transport will be slowed sub-
stantially, and will be limited by motor-based
mechanisms. Finally, it may be that in one phospho-
state the protein binds weakly to a large or immobile
object, such as the cytoskeleton, and the other phos-
phostate does not bind at all, again leading to differing
diffusion coefficients. For example, if the concentra-
tion of weak, immobile binding sites was 10 lM, and
the Kd of binding for the phosphoprotein to the site
was 1 lM, then the diffusion coefficient would be
reduced by a factor of ~10.20 In general, there are
multiple potential mechanisms that would give rise to
diffusion coefficients that are different for each of the
two phosphostates of the protein.

The best example of a phosphostate gradient in
living cells is perhaps that of the Ran-GTP gradient,

where the G protein Ran is activated (i.e., in the GTP
state) by its GEF (i.e., RCC1), and deactivated by its
GAP (i.e., RanGAP). In mitosis there is a steep gra-
dient of Ran-GTP in the vicinity of chromatin, which
has RCC1 bound to it.11 Interestingly, Ran-GTP has a
relatively high affinity for importin-b, which has a
much higher molecular weight than Ran-GTP itself, so
that when the complex forms it is estimated that the
diffusion coefficient decreases by almost two-fold (see
Table S1 in Caudron et al.5). In contrast Ran-GDP
has a low affinity for importin-b, and so would not
experience a decrease in diffusion coefficient. In this
case, we predict that there will be a gradient in Ran
concentration, with Ran being highest near the chro-
matin, and the concentration decaying with increasing
distance away from the chromatin.

Consistent with our results on bacterial chemotaxis,
there is experimental evidence for total gradients of
both CheY and CheZ: Careful analysis of FRET data
in single E. coli cells with delocalized CheZF98S indicate
not only the presence, but also the redistribution of
such gradients.27 Intriguingly, the direction of this
change is as we would predict: Addition of the che-
moattractant serine, which indirectly reduces the level
of CheA activity and therefore of CheY phosphoryla-
tion,22 leads to a decrease of the total gradients of
CheY-YFP and CheZF98S-CFP. This effect is clear
with delocalized (all cytoplasmic) CheZF98S-CFP, but
not as strong with the (otherwise) wildtype fusion
protein, which is mostly localized to the cell pole. In
fully wildtype cells, the gradients could be further
enhanced by polar oligomerization of CheZ and
CheYp.15 This has the potential to significantly
enhance signaling properties such as speed, range, and
robustness. The additional total gradients described
here would add to these effects.

Finally, it is worth considering how cell size and
shape might affect the protein concentration gradients
predicted by our model. Recent theoretical analysis
shows that for a plasma membrane-bound activator
(e.g., kinase or GEF) and cytoplasmic deactivator
(e.g., phosphatase or GAP, respectively), the thinner
and smaller a cell is the more highly activated the
substrate will be, even with all molar concentrations of
activator, deactivator, and substrate being held con-
stant.17 The reason is that it is difficult for the activated
substrate to diffuse very far without first being deac-
tivated. So, large and thick cells are predicted to be
relatively less activated than small and thin cells.
Similarly, thin regions of the cell (e.g., lamellipodia and
filopodia) are predicted to be more activated than thick
regions of the cell. If the two forms of the substrate
have different diffusion coefficients, then it is predicted
that total gradients will be altered simply by alterations
in cell size and shape. In particular, large and thick
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cells will be able to sustain total protein gradients more
readily than small and thin ones. Adding more realistic
boundary conditions, as discussed by Haugh,9 will
serve to further amplify this effect. At any rate, the key
requirement for our analysis is only that the fluxes at
the boundary be equal and opposite, and the simple
first-order assumption serves this purpose.

MATHEMATICAL MODEL

We considered the steady-state behavior of a phos-
phoprotein that interconverts between the phosphor-
ylated form (A) and the dephosphorylated form (B)
through the action of an antagonistic kinase and
phosphatase pair. Note that the model applies equally
to other antagonistic enzyme pairs that switch a sub-
strate between two states. For example, the model
applies equally to G proteins that are activated to their
GTP-bound form via guanosine nucleotide exchange
factors (GEFs) and deactivated to their GDP-bound
form via GTPase activating proteins (GAPs). For
concreteness, we will use the kinase–phosphatase
terminology throughout this article.

Consider the simple case where the kinase is located
at the left boundary of a rectangular cell at x = 0, the
phosphatase is distributed uniformly throughout
the cytoplasm over 0< x<L, and there is no flux of
the substrate through the right boundary of the cell at
x = L. At steady-state, the reaction-diffusion of A
over the domain 0< x<L is governed by

0 ¼ DA
@2cA
@x2
� kpcA ð3Þ

and for B similarly

0 ¼ DB
@2cB
@x2
þ kpcA ð4Þ

here DA and DB are the diffusion coefficients of A and
B, respectively, cA and cB are the molar concentrations
of A and B, respectively, and kp is the first-order
phosphatase rate constant. Note that the assumption
of first-order kinetics is valid in the case where
cA � KM (where KM is the Michaelis–Menten binding
constant; units: lM), which is often the case for
phosphatases.3,17 Alternatively, if cA � KM, then the
kinetics are zeroth-order, and if cA � KM, then the
kinetics are of an intermediate, fractional order. For
illustration, we chose first-order kinetics, which is
consistent with many cases and allows an analytical
solution to Eqs. (3) and (4).

The boundary conditions for A are: (1) at the
left boundary at x = 0, the departure rate of A by

diffusion equals the rate of production of A via the
kinase reaction, and (2) at the right boundary at
x = L is an impenetrable wall (i.e., no flux). Mathe-
matically these are given by

�DA
@cA
@x

�

�

�

�

x¼0
¼ kkcBð0Þ ð5Þ

and

�DA
@cA
@x

�

�

�

�

x¼L
¼ 0 ð6Þ

where kk is the first-order rate constant for the heter-
ogeneous kinase reaction at the left boundary at
x = 0. The units for kk are lm/s, and kk is given by
kk = kk¢L where kk¢ is the homogeneous, first-order
reaction rate constant (units s-1) for the same number
of kinases if they were free in the bulk cytoplasm.
Similarly, the boundary conditions for B are given by

�DB
@cB
@x

�

�

�

�

x¼0
¼ �kkcBð0Þ ð7Þ

and

�DB
@cB
@x

�

�

�

�

x¼L
¼ 0: ð8Þ

We assume that the substrate is itself neither syn-
thesized nor degraded, so that the total number of
substrate molecules, NT, is conserved, which for con-
stant volume can be written as

Z L

0

cAdxþ
Z L

0

cBdx ¼ NT=Ax ð9Þ

where Ax is the cross-sectional area of the cell, which
we assume constant, so that the volume of the cell is
Vcell = AxL. At any point in the system, the total
protein concentration, cT, is given by

cT ¼ cA þ cB: ð10Þ

The concentration of A then varies spatially at
steady-state, and is given by

cA ¼ A1e
�aAx þ B1e

aAx ð11Þ

and the concentration of B is given by

cB ¼ B2 � DA=DB

� �2

A1e
�aAx þ B1e

aAx½ � ð12Þ

where

A1 ¼ B1T1 ð13Þ

B1 ¼ cTh i= C1 þ T1C2 þ C3ð Þ ð14Þ

B2 ¼ B1C1 ð15Þ
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C1 ¼ T1T2T3 þ T2T4 ð16Þ

C2 ¼ 1=cA

� �

T5 T6 � 1ð Þ ð17Þ

C3 ¼ 1=cA

� �

T7 1� T6ð Þ ð18Þ

T1 ¼ e2cA ð19Þ

T2 ¼ c2B
�

cA ð20Þ

T3 ¼ 1
�

c�B
þ 1=cA

� �

ð21Þ

T4 ¼ 1=cA �
1
�

c�B

� �

ð22Þ

T5 ¼ e�cA � 1 ð23Þ

T6 ¼ c2B
�

c2A

� �

ð24Þ

T7 ¼ ecA � 1 ð25Þ

aA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

kp
�

DA

q

ð26Þ

aB ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

kp
�

DB

q

ð27Þ

cA ¼ aAL ð28Þ

cB ¼ aBL ð29Þ

c�B ¼ kkL=DB
ð30Þ

cTh i ¼ 1=L

Z L

0

cA þ cBð Þdx: ð31Þ

Note that if DA = DB, then cA and cB sum to a
constant value of cT = ÆcTæ everywhere in the cell.
Alternatively, if DA „ DB, then cA and cB do not sum
to a constant value of cT everywhere in the cell. In this
case there will be a total protein concentration gradi-
ent, and cT will be a function of position, x, in the cell.
This can also be understood by adding Eqs. (3) and (4)
together to yield

0 ¼ DA
@2cA
@x2
þDB

@2cB
@x2

ð32Þ

which when integrated and combined with Eqs. (6) and
(7) yields

Const ¼ 0 ¼ DA
@cA
@x
þDB

@cB
@x

: ð33Þ

Therefore, the concentration gradients are only
equal and opposite when DA = DB, but in general the
individual concentration gradients are opposite in sign
and scaled to each other by the ratio of the diffusion
coefficients

@cA
@x
¼ �DB

DA

@cB
@x

: ð34Þ

For DA „ DB, the gradients will not be equal and
opposite, and so there will be a nonzero total protein
concentration gradient. The use of a continuum model
can apply even to noisy situations due to low copy
number, since these systems can theoretically suppress
the noise by temporal averaging.26

COMPUTATIONAL MODEL

For the chemotaxis simulations, the Smoldyn algo-
rithm1 was used to create a model of an E. coli cell, as
in Lipkow et al.15,16 Smoldyn source code, executable
program, manuals and detailed documentation are
downloadable from http://www.smoldyn.org (Steven
Andrews) and http://www.pdn.cam.ac.uk/groups/
comp-cell/Smoldyn.html (Dennis Bray’s group). In a
rectangular box of 2.5 · 0.88 · 0.88 lm3, 1260 dimers
of the CheA kinase were placed in a grid, 15 nm from
each other, and 20 nm from the anterior cell pole.
8200 CheY monomers and 1600 CheZ dimers were
distributed randomly in the cell volume (numbers
from13). CheA molecules were immobile; diffusion
coefficients for CheY, CheZ and their complexes were
as specified in Fig. 4. At each 0.1 ms timestep, each
mobile molecule was moved by a small distance in a
random direction. It would react when finding itself in
close proximity to a reaction partner or, for unimo-
lecular reactions, at a certain probability (see Table 1).
After a simulation time of 9 s, when molecular species
numbers had reached a steady state, the exact position
of each mobile molecule was recorded every 10 ms for
10 s. These data were used to create histograms of
50 nm slices in the longitudinal direction.
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